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(R.6.] THE LAWS OF DYNAMICS, AND THEIR 
TREATMENT IN TEXT-BOOKS. 


AMONG the defects to be found in the treatment of the elements 
of Dynamics in many current text-books, the most obvious is the 
way in which the “laws of motion” are customarily introduced 
without any clear explanation as to the base, or axes, relative to 
which the motion is to be reckoned. Attention is very likely 
called to the fact that any statement about the motion of a body 
must, if it is to have any meaning, include the specification of a 


base; but in the statement of the law of inertia we are apt to 
find all this thrown to the winds, and the reader left to discover 
for himself, as best he can, what base is meant to be used. Ifa 
straightforward explanation can be given on this point, why is 
such a mystery made of it? A reader, approaching the subject 
for the first time, is apt to draw the inference that the choice of 
a base will somehow or other turn out to be immaterial. State- 
ments may be met with which give encouragement to this view. 
Thus, in some of the text-books, the law of inertia is said to be 
merely a definition of force (or of both force and time); and this 
may be put in such a way that it is difficult to escape the con- 
clusion that we are to recognise as forces simply mass-accelerations 
relative to an arbitrarily chosen base ; although the abandonment 
of the law of action and reaction, which this would imply, is 
not really intended. It is more common to find Newton’s laws 
of motion quoted, and illustrated by examples of motion relative 
to the earth, the question of a base being left vague. It would 
be a more intelligible course, and possibly better for some 
purposes, to begin an elementary treatment of the subject with 
an approximate theory of motion relative to the earth only. In 
some books we find a complication produced by preliminary 
remarks as to none but relative motions being knowable, followed 
by expositions of the knowableness of absolute rotation and 
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Jixedness of direction, without either apology or explanation. 
In most of the text-books the point of view adopted is rather 
obscure. An exception must be made in favour of Love’s Theo- 
retical Dynamics, which has the merit of being intelligible ; but 
the procedure employed seems to be unduly ponderous and com- 
plicated. 

We owe to Galileo the discovery that a fruitful theory could be 
based upon uniform velocity and laws of acceleration. This 
theory was developed by Huyghens and others, and was com- 
_ pleted by Newton. We still employ it in the form in which it 

left Newton's hands. In this theory, as Newton left it, the 
selection of a base, relative to which motion is to be reckoned, is 
a fundamental feature. The old practice was to call motion 
relative to such a base “absolute” or “true” motion, a thing to 
be distinguished at the outset from motion relative to any 
particular body. Anyone who will take the trouble to look 
through the literature of the subject, will see that this practice of 
postulating the conception of absolute motion, or something 
equivalent, as the first step in the statement of the theory, was 
on the whole steadily maintained up to the beginning of the 
present century; but that, since that time, this point has been 
generally slurred over, or treated less conspicuously. The habit 
of mentioning it having once been discontinued, the writers of 
elementary text-books seem to have been almost content to leave 
it alone; and the treatment of it has been mainly confined to the 
comparatively few books in which a critical discussion of the 
foundations of dynamics has been attempted. Some explanation 
of this fact can be found in the very reasonable discrediting of 
the term “absolute motion,” and the difficulty of finding an 
adequate substitute for it; but it must also be attributed, to 
some extent, to downright illogical treatment of the subject, and 
a slipshod acquiescence by some writers in current forms of 
statement whatever they happen to be. Even modern critical 
writers are not wholly in agreement with one another, at any 
rate in form of statement. Accordingly there is some confusion ; 
and we may fairly demand, for those who merely wish to under- 
stand the theory, a more straightforward way of approaching 
the point in question than they commonly meet with at present. 

So far as we can judge from the Principia, it seems that 
Newton felt no difficulty about postulating an absolute space, in 
which bodies occupy absolute positions. True, or absolute, motion 
is the translation of a body from one absolute position to another, 
and is to be distinguished from apparent or relative motion, 
that is to say motion relative to another body. All that this 
practically amounts to is that a base is postulated relative to 
which motion is to be reckoned for the purpose of the theory. 
But the postulating of a base of reference will not be of any use 
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if it cannot be defined, and we are warned that it is not to be 
defined in terms of coordinates measured from any known body. 
Newton accordingly goes on to explain how the base is to be 
defined. This he does very fully, calling attention in particular 
to the phenomena attending rotation relative to the base in 
question. He appears to believe in the reality, so to speak, of 
one definite base, such as might be furnished by an ether; but he 
indulges in no speculations, and, beyond referring to it as a thing 
to be sought, pretends to no knowledge that he is not entitled to. 
The following sentence from the Principia will serve to indicate 
the general drift of his discussion of the subject: “It is indeed a 
matter of great difficulty to discover, and effectually to dis- 
tinguish, the true motions of particular bodies from the apparent ; 
because the parts of that immovable space in which those motions 
are performed do by no means come under the observation of our 
senses. Yet the thing is not altogether desperate; for we have 
some arguments to guide us, partly from the apparent motions, 
which are the differences of the true motions; partly from forces, 
which are the causes and effects of the true motions.” In fact 
our base is to be defined by the fact that all accelerations relative 
to it correspond to forces. So, if we are able to detect and 
classify forces, we have the means at our disposal for discovering 
a base such as the theory requires; assuming that it exists, that 
is to. say that the theory is true. If our knowledge of the 
motions of bodies in the universe is limited, any base which is 
established must be regarded as so far provisional; and we see 
that it has one essential peculiarity, namely that, whatever base 
is specified for the purposes of the theory, any other which moves 
relative to it uniformly and without rotation will do equally 
well. But how are we to detect forces, and what do we mean 
by foree? This, Newton says, is set forth more at large in his 
book. He at once proceeds to deal with the question; but the 
whole of the Principia has a bearing on it. In fact, in the 
classification of forces, the law of gravitation occupies so im- 
portant a place that no one would choose to deal fully with the 
question without taking this into account. Let us, however, 
consider, as a matter of logic, what means we have of detecting 
“forces.” The key to the situation is to be found in Newton’s 
third law of motion. The property of forces by means of which 
they are to be traced is their mutual character. This mutual 
character constitutes causal relations between the motions of 
portions of matter. These can be investigated by the methods of 
physics, and can, as a matter of fact, be rather concisely classified, 
with. regard to the conditions under which they occur, a few 
types (pressure, gravitation, etc.) comprehending all that are 
known. The possibility of this classification is a fundamental 
feature of the subject. 
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There are certain cases in which a physical symmetry of the 
conditions attending a relation between the motions of bodies 
can be approximately secured; though, of course, complete sym- 
metry of environment is unattainable. One such case is that of 
the pressure between like surfaces of similar bodies in contact ; 
another is that of the repulsion between like bodies, symmetri- 
cally presented to one another, and similarly electrified. These 
are cases in which we can experiment with the conditions and 
isolate their effects, because we can remove them and reapply 
them, and so satisfy ourselves that, as we might expect, the 
corresponding motion relations have a certain symmetry. If 
the bodies are particles, such symmetrical conditions correspond 
to equal and opposite accelerations of the bodies, in the line 
joining them, relative to any base formed by a body which is 
found, by the test of successive applications and removals, 
to be independent of the experiment. But we also find that, 
when the conditions are made unsymmetrical, the corresponding 
accelerations of like particles are still equal and opposite, relative 
to such a base; and that, when the particles are not alike, the 
ratio of their accelerations can be expressed by the introduction 
of mass. The theory is that we can choose a base of reference 
and a mass distribution (with certain characteristics, such as that 
of addition by superposition), so that the accelerations of all 
particles shall be entirely made up of components occurring in 
pairs which have the reciprocal character, with ratios expressible 
as ratios of masses. 

The treatment of the subject at the beginning of the Principia 
is not very concise, and may even be called clumsy; but it 
compares very favourably with many of the modern expositions 
of the theory, and shews how sound a grasp Newton had of the 
essential points to be brought out in the statement. It is a 
strange thing that there is no modern English translation of 
it, or of any portion of it of sufficient length to give an in- 
telligible view of the way in which the subject is dealt with. 

During the eighteenth century, so-called “absolute motion” 
continued to occupy the conspicuous place in text-books to 
which its scientific importance entitled it; though it was a good 
deal confused by a tendency among writers of that time to 
indulge in futile @ priori argument, which Newton did not 
do. Even in Euler’s Mechanica (1736) this tendency will be 
found. The use of the word “absolute,” however, not unnatur- 
ally provoked criticism in certain quarters. Berkeley expounded 
the obvious objections to the conception, which it might be 
supposed to imply, of something more than the facts warranted. 
Euler did something towards providing explanations to put the 
matter on a satisfactory footing. Maclaurin, who seems to have 
set himself to answer Berkeley, did not show much appreciation 
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of his point of view. The first draft of Maclaurin’s Accownt of 
Sir Isaac Newton’s Philosophical Discoveries was written on the 
occasion of Newton’s death in 1727, and the book was published 
posthumously in 1748. It is interesting as shewing how the 
situation presented itself to an acute scientific writer of that 
time. With reference to objections, such as Berkeley’s, he wrote 
as follows: “I know that some metaphysicians of great char- 
acter condemn the notion of absolute space, and accuse mathe- 
maticians in this of realising too much in their ideas: but if 
those philosophers would give due attention to the phenomena of 
motion, they would see how illgrounded their complaint.is. .. . 

. It were easy to enlarge on this subject, and to shew that 
there is no explaining the phenomena of nature without allowing 
a real distinction between true, or real, and apparent motion, and 
between absolute and relative space.” The distinction between 
motion relative to any casual body and motion relative to the 
base which is postulated in the theory is fairly well set out, on 
the same lines as Newton’s own account of it. The evidence 
afforded by the variations in the time of the oscillation of a 
pendulum in different latitudes is one of the examples given, as 
bearing on the earth’s rotation. Thirty years later, in the notes 
to Thorp’s translation of Book I. of the Principia, we find 
“the metaphysicians” still being gibbeted. Laplace began the 
Mécanique Celeste (1799) with the statement that a space, real 
or ideal, must be conceived relative to which the motion of 
bodies is to be reckoned. Then came the general tendency, 
in text-books, to drop all preliminary specific reference to a 
base as part of the theory. 

The present practice is apt to make the subject puzzling to a 
beginner; the partial treatment of the question of the base, which 
he is likely to meet with, being as a rule not very lucid. More- 
over, the metaphysicians have still a reasonable right to object 
to the form of such statements as that the absolute rotation of 
the earth can be proved, as it is by Foucault’s pendulum and 
other such methods, and that the invariable plane of the solar 
system gives an approximately fied direction. In fact, it seems 
a mistake to employ unnecessarily forms of statement which are 
only intelligible to experts, especially in connection with a 
subject of such general interest. In considering our present 
position in the matter, we may perhaps look forward with 
some confidence to a connection between the law of inertia 
and the ether; but, however this may be, the dynamics of ordi- 
nary matter must for the present be capable of standing on its 
own bottom; and such base of reference as the law of inertia 
involves, should be introduced as a thing belonging to the theory, 
independently of any wider view of physics as a whole. This is 
the position which it has practically held, and the chief thing 
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that has been lacking has been any general agreement in the 
matter of clear and precise statement. For the purpose of 
elementary treatment the introduction of a name, chosen so as 
to imply that the base is merely part of the machinery of the 
theory, would do something towards putting it on a satisfactory 
footing. Such a name as “Newtonian base” would serve this 
purpose; let us adopt this name in default of a better one. 
“ Newtonian base” would then tigure at the beginning of any 
book on dynamics, just as “absolute motion” does in Mrs. 
Marcet’s Conversations on Natural Philosophy, where it must 
be admitted that Mrs. B. does not explain it to Caroline in a 
way that carries much conviction. The motion of a stone on 
the surface of smooth ice is a stock example of the first law 
of motion. In Galileo’s dialogues Simplicius objects to hori- 
zontal motion on the earth being regarded as rectilinear, on 
the ground of the earth’s curvature, and has to be told that the 
treatment is only approximate. A point of more importance, 
to which attention should at least be called, is whether the 
motion is reckoned relatively to a base which can be regarded 
as approximately Newtonian; and how this case differs, if at 
all, from, say, the case of a bead projected along a wire stretched 
horizontally across a compartment in a railway train. The 
fact that we have no knowledge of any but relative motions, 
whether they are rotations or of any other kind, may be 
insisted on as much as is thought convenient. These relative 
motions are what the theory proposes to disentangle. 

The theory is enunciated for the whole universe, thus in its 
statement going, as all general theories do, beyond the range 
of verification. From this there is no reasonable escape ; it is 
not convenient to try to impose any limit to its range in space 
so long as it serves our purpose. In the meantime we may bear 
in mind what the actual evidence amounts to. The word 
“provisional” is a convenient one to prefix when we wish to 
call attention to the fact that a certain base, employed for a 
given system, can only be regarded as a Newtonian base if the 
existence of bodies outside that system is ignored; but as any 
actual base is provisional the prefix may often be dropped. The 
use of a provisional base should, according to the theory, involve 
us in a certain amount of error, except in the case of the ignored 
accelerations, relative to a true Newtonian base, being the same 
for all particles of the limited system under consideration ; but 
such errors may happen to be small enough to be negligible 
for some or all purposes. We may often confine our atten- 
tion to only a limited portion of a system, taking into account, 
as “external forces,” the forces between this portion and bodies 
outside it; but here a base must be adopted which is New- 
tonian for the whole system to such degree of approximation 
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as the case demands. There is of course, however, nothing to 
prevent us from using the methods of kinematics to effect a 
transformation to any other base which we think it convenient 
to use. Such a transformation (either complete or approximate, 
according to the needs of the case) may, if we please, be put 
into the form of an application of suitable so-called external 
forces, regardless of the fact that they do not correspond to any © 
actual bodies outside our system. 

The provisional Newtonian base which may be employed for the 
solar system, bodies outside that system being ignored, appears to 
be a very good one. No feature in the relative motions of the 
bodies composing the solar system has been traced to the in- 
fluence of the stars. A calculation of the order of magnitude 
of the gravitational perturbation of Neptune, due to a Centauri, 
on the basis of current estimates of the parallax and mass 
of the star, will show that this, assuming it to exist, is insignifi- 
cant in comparison with quantities at present measurable. This 
is the most favourable case that we know for the appearance of 
such a perturbation. Moreover, no rotation of this base relative 
to the directions of the fixed stars has been detected—a fact 
which has some bearing on the question of motion relative to 
the ether (see Pearson’s Grammar of Science, second edition, 
p- 289). For terrestrial motions the use of a provisional New- 
tonian base for the earth alone (rotating relatively to the earth) 
gives good results, the most notable exceptional case being 
that of the ocean tides. A base fixed to the earth, such as we 
commonly use for terrestrial motions, is not a very close approxi- 
mation to being a Newtonian base, and an approximate correction 
for its diurnal rotation is always employed. The correction is 
introduced in the form of an external force, and we are apt to 
lose sight of it, because it is combined with gravitation to make 
up what we call weight. This is the vertical mass-acceleration 
which Galileo dealt with. The variation of it in different latitudes 
was not known by Galileo, and the fact that this variation is 
partly due to the rotation component seems to have been first 
suggested by Huyghens. There are many ways in which the 
errors due to the correction being only approximate may be 
exhibited; one of the most celebrated examples being that of the 
deviation of a falling body from the plumb line vertical, which 
was first worked out by Newton. Our knowledge of the relative 
motions of bodies outside the solar system, and of the solar 
system as a whole relative to them, is rather scanty, but is in no 
way inconsistent with the view that our theory may be appli- 
cable throughout the whole of the known universe. 

The range of applicability of the theory has to be regarded 
from another quite different point of view. No dynamical 
theory can satisfy us which does not embrace molecular systems, 
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and finally the behaviour of the ether has to be coordinated 
with that of material bodies. The question of the modifications 
demanded for these purposes is too large a one to be entered 
upon here. It includes the questions whether the Galileo- 

ewton theory should not be combined from the beginning 
with the theory of energy, instead of being treated apart from 
it, and whether any theory in terms of force can be permanently 
maintained. 

A concise statement of the theory may be arranged as follows. 
We have to conceive all matter as divided into particles, small 
enough for the motion of each, relative to an independent base, 
to be specified by a single velocity, and its position by a point. 
And we have to suppose each portion of matter to be furnished 
with a scalar quantity called its mass, which has no relation 
to its position, and is such that the mass of a body is the sum 
of the masses of its parts, and that the masses of two bodies 
alike in all other respects, except as to position, are equal. (The 
permanence of mass, under chemical and other changes, should 
be regarded as an independent experimental result.) The theory 
then consists of a single law, namely, that a base can be so 
chosen and masses so assigned that the mass-accelerations of 
all particles can be analysed into equal and opposite pairs. 

To complete the nomenclature of the subject, we have to add 
that each member of each of these pairs is called a force, and 
that we find it convenient to upply the name force also to 
any component of a force or resultant of several forces. The 
detection of forces and their classification, and the dependence 
upon this of the discovery of a Newtonian base, has already 
been discussed; also the treatment of limited systems. 

Mass ratios are simply the negative reciprocals of acceleration 
ratios relative to a Newtonian base; but the word mass is 
needed for the statement of the fact that acceleration ratios 
can be expresssed by means of a quantity attached to each 
particle. A fundamental experiment as to the expression of 
acceleration ratios by means of mass can theoretically be arranged 
as follows : Take three particles, A, B, C, and contrive in succes- 
sion forces between them two at a time. Let p be the ratio of 
the magnitude of acceleration of A to that of B corresponding to 
the force between them, q the similar ratio of acceleration of B 
to that of C, and r the ratio of the acceleration of C to that of 
A; then it will be found that pqgr is equal to unity. For the 
purpose of this experiment a base fixed to any body which is 
independent of the experiment wil] serve theoretically, provided 
that we have a means of measuring acceleration without depend- 
ing on the measurement of distances moved through. If we 
cannot perform such a measurement, or if we cannot be satisfied 
that a body independent of the experiment can be taken, a 
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Newtonian (or approximately Newtonian) base must be used. 
Practically the earth may be employed, without restriction, for 
experiments on a small enough scale. The equality or inequality 
of masses can be tested by collision experiments relative to any 
base as to which we can be satisfied that it has not a sudden 
change of velocity, relative to a Newtonian base, at the moment 
of impact. The identification of mass has been aided by the 
fact, originally tested by Newton, that weight, the character of 
which has already been referred to, is, at any specified place on 
the earth, proportional to mass; also by the recognition of a 
classification of substances with density as a quality expressing 
their relation to mass. 

In order to show clearly what we are doing when we employ 
a base attached to a body which is “independent” of a certain 
experiment, it may be worth while to writ2 down expressions 
for accelerations relative to a given base in terms of coordinates 
referred to a frame (as we will call it for the sake of distinction) 
which has a given motion relative to the base. Suppose the 
frame to carry rectangular axes of 2, y, z, and let f,, fy, f; be 
the components in these directions of the acceleration of the 
origin relative to the base, which we will suppose to be New- 
tonian ; and let p, g, 7 be the components of the angular velocity 
of the frame relative to the same base. Let z, y, z be the co- 
ordinates of a particle of mass m. Then the « component of 
the acceleration of the particle relative to the base is 


Ait E+ 22q —2yr—a(P+7°)—y(r7—pgv+2(4t+ 7p). 
Let a, 8, y be the components of acceleration of the point of 
the frame at which the particle happens to be, and A, B, C the 
components of acceleration of the particle relative to a base kept 


parallel to the given one but attached to this point of the frame ; 
then the above expression is equal to a+A, and we see that 


a=f,— (gi +r)—y%—pgt+29+pr); 
A =2£+ 22q —2yr. 

The components of the resultant of forces acting on the particle 
are m(a+A), m(B+B), m(y+C). Now make an experiment 
consisting of the imposition of a new force X, Y, Z on the 
particle, without the motion of the frame relative to the base 
being thereby affected; the frame thus being independent of this 
experiment. The only terms in the above expressions which we 
alter at the moment of imposition are x, 7, 2; that is to say, 
we add an acceleration X/m, Y/m, Z/m relative to the frame. 
We cannot, however, measure this additional acceleration by 
means of distances travelled relative to the frame without in 
general bringing in other terms. But we may be able to 
compare several such imposed accelerations, regarded simply as 
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relative to the frame, by the method of balancing them against 
each other ; a fact that has an important bearing on Statics. In 
cases in which we use the earth as the frame, without restriction, 
we depend on the smallness and constancy of /, q, ’. 

We have, so far, implicitly assumed that we have a scale for 
the measurement of time. This is a point of fundamental im- 
portance in dynamics, and one which is often dealt with in 
an unsatisfactory way. The scale is dependent on definition, 
and as a matter of logic is arbitrary, though the arbitrariness 
has been to some extent over-ruled by custom. It would be 
possible to define uniform time by any continuous time 
measurer, and to adapt the whole of science to this definition, 
though it might drive us into having to date every experiment 
in any way involving time in order to make it intelligible. 
The current conception of uniform time seems practically to 
amount to the adoption of a method of measurement which 
shall render this dating unnecessary, except when some 
material change in the conditions of the experiment is taking 
place, other than the mere lapse of time. A definition based 
upon this conception seems to take precedence of any other that 
can be given, inasmuch as it is certain that, so long as it gives 
consistent results, any other definition which did not agree with 
it would have to give way. We may refer to the method of 
measurement of time given by such a definition as the “ repeti- 
tion” method. It is that on which the construction of all clocks 
is based. All clocks aim at repeating some physical operation 
identically, and counting the repetitions. The adoption of the 
proposed definition would imply the assumption that all clocks 
of perfect construction agree, whatever be the nature of the 
operation employed for repetition. The diurnal revolutions of 
the fixed stars are referred to as a practical standard, found 
by experience to be superior in accuracy to all clocks, and we 
may regard this as a particular case of a repetition arrange- 
ment; but it is obvious that we do not define uniform time 
by the earth’s rotation alone, since we admit speculations as 
to variations in the rate of this rotation. It is stated in some 
of the text-books that our definition of uniform time is pro- 
vided by the law of inertia; and a reason which may be given 
for this is that practically the Galileo-Newton theory is appealed 
to when we question the uniformity of the earth’s rotation. 
But, though we may have faith enough in the theory to choose . 
to make this appeal, it does not follow that the definition ought 
to be based upon this law. The suggestion in Love’s Theoreti- 
cal Mechanics that we should adjust the definition of time so as 
to save the law of gravitation is one of the same character. It 
seems better to found it on the whole body of science, if this is 
possible, rather than to adjust it so as to save any particular 
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law. To suppose all science to be dynamics would not upset 
this position; for we should still give a preference to repetition 
arrangements if a conflict arose. In defining uniform time by 
the repetition method, we appeal, not to any particular type of 
experiment, but to the general concurrence of the results given 
by all physical operations capable of approximate repetition. It 
may be noted that Newton calls the standard uniform time, 
which he postulates, “ absolute ” time; and that he mentions the 
recently invented pendulum clock as affording one piece of 
evidence of the need for the adoption of a measure of time 
superior to that defined by any particular example of motion. 


W. H. Macaunay. 
King’s College, Cambridge. 


REVIEWS. 


The Universal Solution for Numerical and Literal Equations, by 
which the Roots of Equations can be expressed in Terms of their 
Coefficients. By M. A. M‘GINNIS. Pp. x., 196 (Swan, Sonnenschein 
& Co.), 5/- 


It is amusing to find a thoroughly paradoxical work like this, which 
has escaped the eye of a publisher’s reader. It has all the usual features; 
the laboured proof of the obvious, the misunderstanding of the question 
at issue, and the insertion, as it were in passing, of a petitio principii 
which ruins the whole argument. It would be easy to make fun of 
poor Mr. M‘Ginnis, with his childish conceit and amazing incompetence ; 
but it will be more useful to say a few words on the problem which he 
has attacked, because it is so frequently misunderstood, and the facts 
that are known about it are so often incorrectly stated. 

The well-known formula 


—b+,/8? - 4ac 


2a 
for the solution of the quadratic az? + bz +¢=0, gives us directions for 
performing certain arithmetical operations upon the coefficient ; besides 
the four ordinary operations we have to extract a square root. A 
similar formula can be given for solving a cubic equation: in this case, 
however, the chain of operations includes a square root, and at least 
one cube root. These formulae, moreover, apply to the equations, 
whatever their coefficients may be, provided, of course, that they represent 
ordinary arithmetical or algebraic quantities. Now, what Abel proved 
is, that a root of a general equation of a degree higher than the fourth 
cannot be specified by any rule which starts with the coefficients and 
combines them by a finite chain of operations, restricted to the four 
rules of arithmetic and the extraction of roots; more briefly, there are 
no general formulae for equations of the fifth and higher orders which 
are analogous to those which have been formed for orders lower than 
five. This has been proved, and no mathematician, acquainted with the 
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subject, wastes his time upon a problem which has been shown to be 
impossible. But algebraic formulae can be given for certain special 
equations of every degree ; for instance, the solution of x’ - a=0 is given 
by z= Z/a: thus the question arises,— What are the equations which can 
be solved algebraically, i.e. by the four elementary operations and the 
extraction of roots? This problem was put by Abel, partly answered 
by him, and practically solved in its general form by Kronecker. There 
are, however, many interesting points which remain for discussion. 

It may be added that formulae for the solution of the general equation 
of the fifth order have been constructed, which involve certain trans- 
cendental functions, such as elliptic functions, elliptic modular functions, 
or the icosahedral function. These rules are analogous to that for the 
extraction of roots by logarithms, or the solution of a cubic by trigono- 
metrical tables. 

It is not superfluous to point out that all this is quite independent of 
processes for the approximate calculation of the numerical values of 
the roots of an equation with given numerical coefficients. Except for 
the labour involved, this can always be done to any prescribed degree 
of accuracy for an equation of any order. A great deal of Mr. M‘Ginnis’s 
book is quite irrelevant to the problem he professes to solve, and con- 
sists of numerical approximations by trial and error, which are often 
ingenious enough, but quite beside the point. 

It may be worth while to point out the weak point in Mr. M‘Ginnis’s 
‘General Solution of the Sixth Degree.” He assumes 


ao + ma + nxt + ox + pa? + ta+q 
= (22+ Paty) (a4 Pet z\(#2+ 72+), saboseeecitoal (1) 
and then puts 
m? A, m? . ‘ 
g- ae Eerste, Cee vrveccveseedseervosoess (2) 
mn m\ Bt 
p-("p St rte one venbinensedail (3) 


Thus 
0A’ — 2mnA? + 2m°A -— m3 =0, 


tBt — mp B® + m®nB — m’ =0, 


whence A, B are to be found : then (2), (3) with yzw=q gives y, z, w by 
a cubic equation. Finally, Mr. M‘Ginnis says “it is evident” that, by 
comparing coefficients in (1), = 4 . can be obtained. Quite apart from 
this, there is the fatal flaw that we have 8 unknowns, 4, 2, w, a, b, ¢, 
A, B, with 9 equations to be satisfied: namely, the four included in (2), 
(3), and the five obtained by equating coefficients in (1). Thus there is 
a necessary condition to be satisfied by the equation, and I leave it to 
others to express this in its simplest form. 

Mr. W. M. H. Woodward professes to demolish the proof of the 
impossibility of solving the general quintic by radicals given (after 
Wantzel) in Serret’s Algébre Supérieure. He entirely fails to appreciate 
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the argument, and asserts that “The conclusion of Wantzel, that the 
roots cannot be indicated in algebraic language, is equivalent to saying 
that there are no roots”! 

At the beginning of his preface Mr. M‘Ginnis tells us that his book 
appears “at the request of many able mathematicians, teachers, and 
scholars throughout the United States,” and follows this by a list of 
“a few” of them, which includes, with others, two professors of mathe- 
matics (one of whom professes “ Languages” as well), a President of a 
College, a Principal of a High School, and a State Superintendent. 
Assuming that they have not been unkind enough to play a practical 
joke, it is difficult to form a high opinion of their intellectual capacity. 

G. B. MATHEWS. 


Proportion; a Substitute for the Fifth Book of Euclid. By 
Professor G. A. Gipson, M.A., F.R.S.E. (John Lindsay, Edinburgh ; 
8vo., pp. 27.) 


Prof. Gibson’s pamphlet has received the formal approval of the 
Edinburgh Mathematical Society, and is printed in the Proceedings of 
the Society for the current year. We welcome it as a genuine and not 
unsuccessful attempt to provide a satisfactory substitute for the Fifth 
Book of Euclid. By a fortunate coincidence, it appears at the same 
time as a more elaborate attempt of the same nature by Prof. M. J. M. 
Hill, F.R.S. (“Euclid, Books V. and VI.,” Cambridge University 
Press.) The coincidence will have happy results if it leads to a 
general discussion and to some practical improvements in the teaching 
of proportion in elementary geometry. That such improvements are 
much needed is very clearly shown by Prof. Hill, both in the book 
referred to and in the School World for September and October, 1899. 
We hope that Prof. Hill’s work will be reviewed later in these columns, 
and we refer to it at present solely for the sake of comparison. 

In criticising Prof. Gibson’s pamphlet we are not questioning 
its present opportuneness and value, but merely giving expression 
to personal views and predilections on a debateable question of method 
and procedure. Prof. Gibson advocates an entire departure from 
Euclid’s method by recommending two fundamental alterations : first, 
that ratio should be defined as a number from the outset, and second, 
that the consideration of the ratio of like commensurable magnitudes 
should be separated from and precede the consideration of the ratio of 
like incommensurable magnitudes. In § 3 it is apparently implied, 


though not formally stated, that the symbol ~ A represents m times 


the n™ part of the magnitude 4, when m and n are positive integers. 
In § 6 the following definition is given:—“If 4 and B be two like 
magnitudes having a common measure JM, so that 4 =m M, B=n M, 


and therefore 4 == B, the ratio of A to B is defined to be the fraction 
=” In § 16 the definition is extended to incommensurable magnitudes 
as follows:—“ If A, B are two like incommensurable magnitudes, and if 
B be divided into any number n of equal parts of which 4 contains 
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more than m but less than m+1, so that 4 > “B but 4 < = B, 


then the ratio of 4 to B is defined to be the irrational number which 


m 
z and less than every number 


There is a simplicity and likeness in these defini- 


is greater than every number of the set 
of the set me ls 
tions which is certainly attractive; but it may be questioned whether 
the second definition is quite satisfactory. Prof. Gibson proves that 
there is not more than one irrational number which can satisfy the 
definition, but he does not prove that there actually is one number 
which satisfies it. It is the existence of one and only one such number 
which corresponds to what Prof. Hill calls the fundamental proposition 
in the theory of ratio ;! although he considers the proof too difficult to 
find a place in an elementary text-book. The existence of the number, 
if not proved, should be explicitly stated as an assumption or given as 
an axiom. 

There are other parts of Prof. Gibson’s exposition, such as §§ 11, 12, 
which do not appear to be sufficiently clear. But these, if we under- 
stand them aright, are but minor defects which can be easily rectified. 

On one point there is universal agreement, that Euclid’s Fifth Book, 
notwithstanding its admirable treatment of proportion, is too difficult 
for even the most intelligent students. There is also a general agree- 
ment that the usual way of meeting the difficulty, which consists in 
employing two methods that are not equivalent, viz. starting with 
the definitions of the Fifth Book and then giving algebraic demonstra- 
tions of the properties of ratio, is not only indefensible, but the cause 
of much confusion. Unfortunately there is not agreement as to the 
best way of meeting or remedying the difficulty. It is to be feared that 
an agreement on this point will not be arrived at until Universities, 
Colleges, and Schools are brought into closer touch with one another. 
What seems to be needed is the formation of an authoritative mathe- 
matical board, representing both advanced and elementary education, 
whose recommendations in respect to teaching and examination would 
be generally adopted. Little or no improvement and advance in 
mathematical teaching can be expected unless Cambridge can be in- 
duced to exert its proper influence. 

Prof. Gibson thinks that the best way out of the difficulty is to give 
up any attempt to discover a distinctively geometrical method of 
treating proportion, and to fall back on the results of higher arith- 
metic and algebra. Prof. Hill’s aim is to simplify Euclid’s method 
by discarding the unessential and most difficult parts, and to make 
it more geometrical, or rather graphical. By whatever method the 
subject may be approached certain inherent difficulties are encountered 
which cannot be avoided. In the geometric method the idea of ratio as 
a relation existing between any two like magnitudes is gradually 
developed, and only after the idea has become fully established and 
taken definite shape is it shown that ratio is measurable by a number. 
We think that Prof. Hill has successfully shown that the geometric 


1 Cambridge Philosophical Transactions, vol. xvi., p. 244. 
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method is not intrinsically more difficult than the arithmetic, and that 
it can be presented in a less abstract and consequently more easily 
intelligible way to the learner. If this is so, there are some strong 
reasons why the geometric method should be preferably adopted, one 
being that it can be learned at an earlier stage, and another that 
the two methods are independent, each serving to illustrate the other, 
and forming when combined a more complete and convincing whole 
than would result from the arithmetic method alone. 

F. S. Macau.ay. 


MATHEMATICAL NOTES. 


84, [K. 13. a.] In connection with Problem 372 (Vol. L., no. xxii., p. 371), 
it may be useful to remark that the point (/) common to the planes bisecting 
AA’, BB, CC’, ... is not a point which remains fixed in the displacement. 
But if O’ be the (optical) image of O in the plane ABC..., then O’ is displaced 
to the position formerly occupied by 0. This point seems to have been 
noticed first by Prof. Crofton (Proc. Lond. Math. Soc., Vol. IV.), who called 
attention to the fact that apparently we could construct a centre of rotation 
in this way, just as is done in a two-dimensional displacement. 

It may be worth while to call attention to the points which do remain 
fixed in a general rigid-body displacement. Since this is a special case of 
a one-to-one transformation in space, there will be four such points; and 
these are all at infinity, two of them being the circular-points in a plane 
perpendicular to Z,and the other two coinciding with the point at infinity on 
L. Here Z is used to represent the central axis of the displacement ; or a 
line such that the displacement of the body can be made up of a translation 
along Z, together with a rotation about L. T. J. Pa. Bromwicu. 


85. [K. 20. d.] Geometrical proof for cos > sin = 


Let A be centre of circle of unit radius 
Let B be middle point of ZC. 
From £, B draw perpendiculars HX, BL to AC. 


B 
sin = 4 =J/CL.CA (B=90°) 


=VCL=/3(1- AR) 
=4(1 — cos A). 


cos 4. = AB=VAL. AC=VAL 
=V}(AC+ AR) 
=/}(1+cos A). J. H. Hooker. 


’ b+c_tan3(B+C) 

. [K. 20. d.] P —= A 

86. [ ] Proof of the formula 5s" uno 

Make AD=AE= AB, and draw DM parallel to HB meeting CB in M. 

Then DM is perpendicular to DB, and 

- ABD=z ADB=3(B+0C), 2 DBC=4(B-C). 
b-c_CD_DM_DM, BE_tan}(B-C) 
b+e CE BE DB™~ DB tan}(B+C) 





Therefore 
W. J. JoHNstTon. 

















394 - THE MATHEMATICAL GAZETTE. 


87. [K. 20. 4.] Zo show that cos A+cos B+cos opel when A, B, C are 
the angles of a triangle. 








We have 
B+c?—a® c+a?-b? a?+b?-c? 3_ (b+ce—a)(e+a—b)(a+b-c)—abe 
Qbe + Sea 2ab - Qabe : 


provided a, 8, y are all positive we have only to prove the inequality 
_B+y yta at+B 
eet «a 


or B(a?+y?)+ y(a?+ B*)+a(B? +") = 6aBy, 
or a(B—-y)+B(y—aP+y(a-- BPY=0, 
whence the first part follows. 
F b? +c? —a? 
Again, to show — +..4+¢1, 
or a(b?+¢?—a*)+...—2abe + 0, 
or (b+c-—a)(e+a—b)(a+b—-c) + 0. 
A. C. L. Witxrnson. 
PROBLEMS. 


[Much time and trouble will be saved the Editor if (even tentative) solutions 
are sent with problems by Proposers. ] 


380. [I,. 11. ¢.] (1) A chord of a rectangular hyperbola subtends a right 
angle at a fixed point. Find geometrically the envelope of the chord. 

(2) A and B move on axes (x, Oy so that the perimeter of the triangle OAB 
remains constant. Find the envelope of the circle OAB. E. N. BaristEn. 


381. [J.1.b.] If ~ sets of iawn tennis are played simultaneously by 4n 
persons, and when the sets are finished » more sets are played, find the 
number of ways in which the second round may be arranged so that in no 
case the same four persons play together as in the first round. J. R. Burton. 

382. [D.2.4.] Prove that (2p,)?+ (2a t 1P= (pant Gon? = Pons where 
~p, signifies the sum of the even convergents of p*-29g?=+1. [Hx. n=3. 
1192+ 120?=(99 + 70)? = 1692] R. W. D. Curisti£. 


383. [D. 2. d4.] Prove that 


(a+} : 3 )(o+2 11 \(c+4 11 )=(e+4 ) 
“Th4etat.../\* et+atb+...)\ or at+b+e+...) Vette.) 


where t= Da+t+abe. R. W. GENESE. 


384. L,. 17. e.] Two conics intersect at right angles at each vertex of 
a given right-angled triangle. Shew that they must be confocals, or if not, 
find the locus of their remaining point of intersection. E. INNEs. 


385. [K. 13. a.] Shew that any displacement of a rigid body is equivalent 
to a series of reflexions in plane mirrors of the points of the body. 

W. J. JOHNSTON. 

386. [L,. 3.¢.] If a circle through the centre of an ellipse cut pairs of 

conjugate diameters in A, A’; B, B’; ... then shall the chords AA’, BB, ... all 

pass through a fixed point. A. Lope@E. 
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387. [K. 17. e. 20. f.] Construct a spherical quadrilateral, given a, B, % é, 
the mid points of the sides taken in order ; and prove that the cosine of half 
its spherical excess is equal to 
cos By . cos ad —cos ya. cos B8+cos a8 . cos y6. 
, " & “ ". E. M‘VIcKER. 
388. [K. 11. e.] The line ABCD is cut harmonically in B and C; on AC 
and BD as diameters circles APC, BQD are described whose planes intersect 
at right angles, and PQ, PB, QC are drawn. Shew that 


PQ. BC=PB.QC. A. 8S. ToLuEr. 


389. [J. 2. ¢c.] A straight line is broken at random into any number of 
parts, and on every part a square is described. Shew that, if the number 
of parts does not exceed ten, the expectation of the largest square will be 
greater than the expectation of the sum of all the other squares. 

W. A. WHITWoRTH. 


SOLUTIONS. 


UNSOLVED QursTions.—171, 275, 279, 283, 285, 326-7, 336-8, 341, 349, 356, 
369, 370, 372-3, 376-9. 
The question need not be re-written; the number should precede the solution. 
— should be very carefully drawn to a small scale on a separate sheet. 
olutions will be published as space is available. 


57. [X.] Draw graphs illustrating the solution of the equations 
V@=artby; y=bet+ay 
Sor different values of a and b. E. M. Lanatey. 


Sotution By W. E. Harr.ey. 

Since neither of the equations is altered by changing the signs of all the 
four quantities a, b, x, y, we may confine our attention to the case in which 
b is positive: the two equations represent (i) the parabola «?=ax+by (of 
latus rectum 6) passing through the origin, having its vertex at (5 -2) 
and its axis parallel to the positive direction of Oy, and (ii) the image of (i) 
in the line v=y. We have therefore to consider the intersections of the 
parabola «*=by with its image in a chord parallel to =y ; two (of the four) 
Intersections are always real, viz. the intersections of the line and the 
parabola ; the other two are imaginary or real according as the line does or 


0 


does not pass between the parallel normal and the vertex, z.e. according as a 
does or does not lie between the limits 6 and — 3b. Two figures are drawn to 
illustrate the two cases, the first corresponding to values 10 and —(2+¥10) 
a 


b 


1 
+. and — (2+~-). 
V2 V2 


of the ratio — according as 0 or O’ is the origin, and the second to values 
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129, [K.11.e.] There is a half circle as ABC, whose diameter is AB, upon 
which is made another lesser half circle whose diameter is AE, so that the greater 
half circle being divided into two equal parts with the line DC, doth pass 
through the two circles in the points F, C, so that the part CF is 6 and the 
part BE is 9. How much is the diameter of each of these two circles? 

(Captain Rudd’s Practical Geometry, Loudon, 1650). 


So.tution sy W. E. Hartiey, anp C. KE. YouNne@MAN. 
DF _ AD AD-DF Cr — ¢ 
DE DF DF-DE BE-CF 3 
and DF- DE=3=6-3; 
DF=6, CD=12, AB=24, AE=15. 
Otherwise DB?= DE. DB+ DB. EB=FD*+ DB. EB; 
20F . CD+ FD*=CF* + CD, 
A DE B . 2CF.CD=DB. EB+CF*, 
CD or DB=CF?/(2CF — BE) =12, ete. 


We have 


Cc 





144, [I.1.] Supposing packs of cards to be arranged in all the possible 
52! ways, each pack taking up one cubic inch of space, calculate approximately 
or exactly the size of a cubical box which would hold all the lot ; and the length 
of time a ray of light would take to travel from one corner to the farthest 
opposite, R. P. Royston. 


Solution by W. E. Hart wey. 
§2!= 2, 3%. 512, 78. 114. 134. 175. 197. 23°. 29. 31.37. 41. 43. 47 ; 


extracting the cube root and dividing by 63. 360=27.3*.5.11, we get for 
the side of the box in miles 





293°5°72 13.17 x 4(2. 37. 72.11.13. 197. 23?. 29.31.37. 41.43. 47). 
Using logarithms we find for this 10" x 6°81923. 
[Otherwise 
29 . 3°, etc. = 10° x 64 x 81 x 49 x 51 x 13=108 x 64 x 1053 x 2499 
= 10° x 168412608. 
2.3?. 7%, etc. =98.99. 13. 4377. 899. 1517. 2021 
= 437 x 43263 x 88102 x 1517 x 26273 
= 23 x 19 x 3811557826 x 39857141 
= 10" x 87°66583 x 757°285679 (to within 





z ais of whole ), 


and cube root =10° x 4°4423 x 9°1149 ( ERS eer ) 





=10° x 40°4911 
side of box in miles 
de he  n [openeenmeee tens =o > qeMNnrre- oe mert Ee 







men One © AR eee cessaaveccenccoss esoumeavencen 


so that we may take 10" x 6°819 as correct to last figure. 

This gives for the diagonal 10'8 x 1:18113 miles, and taking velocity of 
light as 186,000 miles per second = 5°86959 x 10!” miles per year, we get for 
the passage of light along diagonal a period 10°x2°01228 years=201,228 
years. 
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152. [I. 1. 24. a.] Jf z=-9999999999 and e=2°71828, find the value of 
z+422+42... to four decimals. 
Solution by W. E. Harriey. 
z+42443+...=—log(1—2)=log 10%=10[log 8 + log 3] 
1+} 1+4 
= 10[ 3 log T+ht 8 — | 














1 _ 33333333 + x =-03703704 || =20 [1039721 
’ y + 111572} 
1 _ 1934568- = a= 52 =23°0259 
gyi= 1284568 y= 411523 5 
ie 82305 — fw 45725 | 
535 37 " 
1 
= a = 6532+ | 30 = 5081 
1 ; 1 
53° = 565 — 311 = 565 
1 oo. 
1 130 = 51+ 313 = 63 
] i 
1333 _ 





} log 2=346,57359( +2), 
the residue of series being less than 173" Fy 
ze. < °0000000005. 
1 1 és 
5 = 11111111 + 5,= 00137174, 





1 ieee 

gg3= —415725-G= —_ 1698, 
1 1 

59o 339 — of = 21, 
1 

73 3- 


4 log §="11157178(+1), 


and residue < = "0000000003. 


1 
98°80 


[V.] ON MARKING EUCLID PAPERS. 


A correspondent laments the absence of general agreement as to the 
deduction of marks for mistakes in Examination answers. He suggests, as 
an experiment, that readers of the Gazette should state on a post-card 
addressed to the Editor, the deductions they would make in the following 
cases. A résumé of the results will appear in a subsequent number of the 
Gazette. 

(1) Eue. i. 37. (Full marks 100.) 

In shewing that the triangle is half the parallelogram, what should be 
deducted for omission of the words “for the diagonals bisect the parallelo- 
gram ” (a) without reference, (b) quoting as a reason the enunciation of I. 41 ? 
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a 


(2) Eue. iv. 4. (Full marks 100.) 

What deductions for (a) commencing by saying “ Bisect the three angles 
of the triangle, meeting in 0;” (b) in proving the triangles equal, omitting 
to point out that the common side is opposite the equal angles in the 
two triangles ? 
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